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Detection of subthreshold oscillations in a sinusoid-crossing sampling
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The detection thresholB of a sinusoid-crossin@SC) detector is improved using a new dithering technique.
In a real SC detectoB is always greater than zero because the crossings could be located only with finite
accuracy. Dithering is employed to determine the frequehcand the amplitudeds of the subthreshold
oscillations(t) = A cos(27f4), whereA;<B. The data representation of an analog input signal of bandlimit
W, consists of locationgty,t,,...,tow}={t;} where the signal intersects with the reference sinus¢tjl
=A cos(2rf,t). A crossing exists within each interval=1/2 f,=T/2M, whereT is the sampling period. If
W/2=<f,, and the signal amplitude is less thanfor all t values withinT, then SC sampling satisfies the
Nyquist sampling theorem. The unknowy value is determined from the power spectrum of the crossing
locations of s(t) +n,(t)], wheren,(t) is the noise of variance?. The A value is approximated from the
signal-to-noise ratioR) vs o plot. The performance of the technique is studied fromRhgots for different
Ag, fg, andT values.[S1063-651X%98)11402-2

PACS numbsgs): 07.05.Hd, 06.20-f, 06.30—~k, 07.07—a

I. INTRODUCTION multicomparator analog-to-digitalAD) converter used in
amplitude samplind3,4]. Investigations regarding the per-

A signals(t) of bandwidthwW must be sampled at Nyquist formance of threshold-sampling schemes are also of consid-
rate and with an infinitely wide dynamic range so that it can€rable interest to biophysicists and neuroscientists because
be recovered without error from its sampled representatiorthreshold sampling is the preferred mode of information cod-
Real sampling circuits, however, have finite detection limitsind in most biological neural network$—7]. .
because they are made from components with finite-time re- [N many cases, the detection threshold of the measuring
sponses. The sampled representations of weak short-livdgstrument is held finite by quantization errors. In amplitude

signals are therefore particularly prone to quantization errorsS@Mpling V(‘]’ith ag-bit AD converter, the detection threshold
There are two general methods of sampling a sigfial: is B=2A/29 wherex A are the power supply voltages of the

Amplitude sampling & equal intervalsh of time t, and(2) AD converter. Variations in the amplitude sft) which are

; : : ; maller thanB are not recognized in the corresponding
crossing or threshold sampling. In amplitude sampling, the’ : L "
sampled representatiofs(i)} of s(t) within the sampling sampled representation. The sampling intetvas given by

. . . the conversion time of the AD converter.
period T=2MA, consists of equally spaced, quantiz) The detection threshold of a real SC detector is also non-

values wheré =—M, —M+1,... M. The Nyquist sam- o phecause it could locate a crossing position within
pling criterion is satisfied ifs(t) is sampled at a ratc  —1/2¢  only with finite accuracy due to the finite response
=(1/a)=W. times of its component§3,4]. In SC sampling, ac signals

In crossing samplings(t) is sampled at unequal intervals \yith peak-to-peak amplitude swings that are less tharag
of t, and its data representation consists of locatifins falsely detected as zero signals.
where s(t) intersects a reference sign&lt). Eacht; is a This paper demonstrates that dithering can be used to im-
solution tos(t) —r(t)=0. The dc threshold sampling is the prove the effective detection threshold of a given SC detec-
simplest form of crossing sampling that employs a constantor. Dithering is a technique in digital signal processing that
reference signal. The utility of dc threshold sampling, how-is used to minimize the effects of quantization er{@3$]. It
ever, is limited because for most types of input signals, ittoncerns the addition of noise,(t) of known variances?,

cannot satisfy the Nyquist sampling criterion. to the analog signal prior to its detection by the threshold
Sinusoid-crossingSC) sampling is a type of threshold detector.
sampling that utilizes a sinusoid reference sign(t) Specifically, we show that dithering can be used to deter-

= A cos(2rf,t). The Nyquist criterion is satisfied in SC sam- mine both the frequency, and amplitudeA, of the sub-
pling when(1) A=|s(t)| for all t values withinT, and(2)  threshold oscillations(t) = A, cos(2rf), where Ac<B. In
f,=W/2. A crossing t; exists within each intervalA  the absence of dithering(t) is erroneously detected by the
=1/2f,=T/2M, and the Fourier spectrum ofs(t;)} SC detector as(t)=0. The value is determined from the
={r(t;)} can be computed directly frodt;} [1,2]. power spectrurdS,(f )} that is produced from the crossing
Because a crossing detector can be designed with onlpcations off s(t) + n,(t)] with r(t).
one comparator, it is considerably easier to build than the The dithering technique is evaluated using benchmarks
that are employed in the study of stochastic resonf®dd)
which is also about enhancing the detection of a subthreshold
*Fax number: +632  9205474. Electronic  address: oscillation in a nonlinear system via the presence of noise.
csaloma@nip.upd.edu.ph We examine the quality of the power spectr§8)(f )}
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FIG. 1. lllustration of SC sampling whengt) = A cos(2rf,t).
Same-frequency  sinusoidss(t) =A, cos(2rf{) and s'(t)
=A/ cos(2rfd) where fs<f, intersectr(t) at different locations
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limit B) has SC's that can only be pt=(N—2)/2,N/2, or
(N+2)/2. The number of possibig values where the SC’s
could occur increases with the amplitudesgf).

The accuracy of locating a SC improves with the number
of partitionsN made withinA. Real SC detectors could lo-
cate the position of a SC only with finite accuracy because
the smallest partition A/2N) that is possible withimA can
never be made less than the response oéthe detection
circuit[3,4]. Finite detection accuracy results in a finite value

of the detection threshol® where B=(3)|dr(t=p;A/N
=A/2)|(3)|27f A sin2af (t=A/2)]6t| = wA/2N, where 6t

sinceAl#A,. The SC locations are established by dividing each=4/N andf,=1/2A. For a given reference amplitude B

A=1/2f, into N partitions (N=8). Oscillations(t) is detected
falsely as a zero signal becausg<B= A7/2N.

as a function ofr, to determine the optimal conditions where
dithering is most effective. We also establish how signal to

noise ratio R) of the spectral component &t f4 behaves as
a function of o for different values off; and A;. The Ag
value is approximated from the characteristics of khes o
plot. Both Gaussian noiséGN) and uniform white noise

approaches zero @ approaches infinity.
The quantization erroE associated with a real SC detec-
tor is given by

E=E(t)=(1/2)| 5t (t)| = (wf, StA)|sin(7p; IN)]
=(mAIN)|sin(mp;/N)|=B|sin(7p;/N)|.

The amplitude representatiauip;) of the analog input signal
X(t) within the interval A; is given by x(p;)=r(p;A/N)

(UWN) are considered because they are the simplest types of g| sin(mp,/N)|. The error inx(p;) is therefore smallest for

noise to generatgll).

values ofx(t) which are comparable t& and is largest for

The presentation of our paper proceeds as follows. A brie&mallx(t) values whose SC'’s occur nepy=N/2.
discussion of the concept of detection limitin SC sampling is  \ye have previously established that a SC-based AD con-

given in Sec. Il. Section Il outlines the dithering procedureygrsion performs like an 8-bit conventional AD converter
that we have developed. Resuilts of our numerical experigshen N=211 [1]. The SC’s ofs(t) are all found at{t;}

ments are presented in Sec. IV. Various conditions are dis-:{A[(i —1)+%]} becausé <B=Am/2N. Thuss(t) is er-
cussed in Sec. V, concerning the efficacy of the ditheringroneously detected as a zesro signal.

technique.

II. SINUSOID-CROSSING SAMPLING

Ill. DITHERING AND DETECTION OF WEAK
OSCILLATIONS IN SC SAMPLING

The SC representation of an analog input signal is char- jystrated in Fig. 2 is the flowchart of the dithering pro-

acterized by two factorg1) the order in which the various
SC locations occur in the sequeritg, and(2) the accuracy
in which a crossing is located within eag¢h

Figure 1 illustrates how SC sampling works for two dif-
ferent  sinusoids: s(t)=Ag cos(2rfd), and s'(t)
=A/ cos(2nfy) wherer(t)=A cos(2f,t), A=A >B>A,,
and f,=(1/2A)>f,. The data representations sft) and
s'(t) are given by the crossing locatiofts} and{t{}, which
are solutions ts(t)=r(t) ands’(t)=r(t), respectively.

In practice[3,4], the location of a SC within the interval
is established by subdividingd into N partitions(in Fig. 1,
N=8). All the 2M SC'’s that occur withinT have to be

cedure that we have developed to determine the unkrfiQwn
and A; values of the subthreshold oscillatios(t)
=A.cos(2rfd), whereA;<B. The analog inputs to the SC
detector are the referencét) and[ s(t) +n,(t)]. The output

of the comparator changes stditate 1 or D every time:
s(t) +n,(t)=r(t). The SC detector locates a crossing only
once within each intervah.

For a giveno value, we obtain ten independent SC rep-
resentations ofs(t)+n,(t)]. Using ten uncorrelated (t)
sequences. From the ten data representati¢hd,,
{ti}2, ... {ti}10 the most probablé; value(t;) is derived for
each of the M A;’s within T. In practice, thqt;}'s may be

located as accurately as possible to minimize the effects afptained by having ten SC detectors samg(g) simulta-
quantization errors which are manifested as spurious freneously. The detectors utilize one commit) signal but

guency components in the computed Fourier spec{rl@h

The SC location in thath interval A; is given by t;
=A[(i—1)+p;/N], where p; is the particular partition
within A; where s(t)=r(t). Note that the SC’s of a zero
input signal are all found gbg=p,;=---=poy_1=N/2. In
Fig. 1, for example, the first two SC’s «f(t) are atpg
=3, andp,=13, respectively, becausk,<B. Fors’(t) on
the other hand, the SC’s are foundugt= 3, p;= 2. Because
s(t) ands’(t) have different amplitudegp;} #{p;}-

each uses its own uncorrelated noise sourgg).

Becauses(t;) +n,(t;)=r(t;), the data sefr((t;))} pro-
vides an unequally sampled amplitude representation of
s(t)+n,(t), where (t;) is the averaget; value. From
{r({(t;))}, we generate an equally sampled representation
{[s(iT/2M)+n(iT/2M)]} by cubic-spline interpolation
[13]. Finally, the discrete power spectruf,(f )} ={S,(f
=k/T)} is computed by Fourier transforming the autocorre-
lation y,(iT/2M) of {[s(iT/2M)+n (iT/2M)]} wherek=

On the other hand, two sinusoids of the same amplitude-M, —M+1, ... M.

(AZ=A,) but different frequenciesf{+ f:) also have differ-
ent p; sequences. A barely detectable sig(&]~ detection

It must be noted that the two signalss(t)
= A, cos(2rfy) ands’(t) = As cos(2rf i+ @) where o is the



57 DETECTION OF SUBTHRESHOLD OSCILLATIONS IM . .. 3581

Crossing Detector a. 100

s(t) + n(t) ) 10 White Noise: ¢ = 0.018
¢
) !

Obtain 10 sets
of {t;)

Most probable {<t: >}
1

t;values

32

64

96
128 1
160 7
1927
224
2561
288
320
352
384
416 7
448
480
512

Derive amplitude
data representation

of s(t) + n(t) b. 1004

-

10 Gaussian Noise: ¢

{ri<t ) 0.013

Interpolate to get
equally-sampled
representation

S(f)

{s(iT/2M) + n(iT/2M) 0.001
lAutocorrelate 0000 T T T S N % 2 k& L B ow bon
{Y&T/2M)) f
lFFT FIG. 3. Power spectruns,(f ) of s(t)=0.19B cos(2r16t)
when dithered with uniform white noise of=0.018 and Gaussian
Fowet spectrum {S(0) noise ofo=0.013, where (t)=2.5 cos(2512), B=0.015 339 8,

;I'=1, 2M =1024, and\=256. In the absence of dithering(t) is

FIG. 2. Flowchart of the procedure used to compute the powe X
detected falsely as a zero signal.

spectrumS,(f ) of the dithered signals(t) +n,(t), wheres(t)

=A, cos(2rfd) and A;<B. At the proper noise variance2, + 12090+ - - - + 25@155¢] from {t;}1, {t;} {t:}10, Where
. . . . . 129 25 i1 21+t 10>
{:S?(f )} will contain only one prominent line that is found &t Ny, is the nl'Jm'ber of t'imgél)ut of ten that the SC occurs at
s pi =127 (a similar definition holds fon;,g, Ni59, €tc); (2)

phase, have identical power spectra, and could not be didfUncatepi—a to its greatest_intc(aag)ler valug;) (e.g., if pi®
cerned from each other. This is becayS(f )} is com-  =127.9, then(p;)=127, or if pj*’=128.8 then(p;) =128,
puted from the autocorrelation of a data representation cortc); (3) calculate the averagg value: (t;)=[(i—1)A/N

taining the relative locations of the SC crossings. +(Pi)/N]=[(i —1)+(p;)/256]; (4) repeat stepsl)—(3) for
each of the M=1024A"s. The equally sampled representa-

tion {[s(iT/2M)+n, (iT/2M)]} is interpolated from
{r({t)}-

We perform a number of numerical experiments to deter- At the appropriate noise variance, longer segments in the
mine the efficacy of dithering in SC sampling. The proceduresequencég[s(iT/2M) +n(iT/2M)]} will exhibit the period-
outlined in Fig. 2 was employed to compute the power specicity of s(t) as their fundamental period. The occurrence of
trum {S,(f )} of s(t)+n,(t), where s(t)=A cos(2rfd)  the periodicity is highlighted more clearly in the autocorre-
and A;<B. The noise sequences were generated followindation y,(kT/2M) of {[s(iT/2M)+n(iT/2M)]} [13]. The
the procedure found in Reffl, 14]. All computations were frequencyf, of s(t) is determined from the power spectrum
done using a DEC AlphaservéDigital Equipment Corp. {S (f )} which is the Fourier transform of ,(kT/2M). The

IV. NUMERICAL EXPERIMENTS

Model 2000-4/27% value of S, (f=f) increases with the total length of the seg-
ments in the sequendgs(iT/2M)+n (iT/2M)]}, that ex-
A. Information contained in the power spectrum hibits the periodicity ofs(t).

Shown in Fig. 8b) is the computedS,(f )} that was
obtained whers(t) is dithered with Gaussian noise where
0=0.013. Note tha§,(fs=16) is the only prominent line in
{S,(f )}. The unknowrf value can therefore be determined
without ambiguity, from{S,(f )}.

Figure 3a shows the power spectrufis,(f )} obtained
whens(t)=0.19B cos(2r16t) is dithered with UWN ato
=0.018, wherer(t)=2.5 cos(z512), B=0.015339 8,T
=1, f,=16=0.03125,, N=28=256, and M=1024.
Note that whem(t)=0, the SC’s ofs(t) are all found at

=p=---= —N/2=128; and the correspondin
?g (?1)}:0 P10z P g B. Amplitude of subthreshold oscillation
The spectrum exhibits only one prominent linefat f The dithering technique is evaluated as a function of am-

=16 that is riding over a broadband-noise background. Thelitude A of s(t) = A cos(2r16t) whereA;<B. The choice
componentS,(fs=16) has a value of 45.98 and no other of f =16 is purely arbitrary. Presented in Figga-4(c) are
spectral component i{S,(f )} has a magnitude that is R vs o plots whereR=[S,(f;)—N,(fs)]/[N,(fs)], and
greater than unity. The unknowiy value can therefore be N,(f.) is the value of the noise spectrufiN,(f )} at f
determined without ambiguity, froffS,(f )}. =f.

The 1024(t;) values used to compu{s,(f )} were ob- TheN,(fs) value is determined from the best-fit curve of
tained in the following mannerd) Calculate the average;,  the data sefS>(f )} ={S,(1).....S,(fs— 1)}, blank, S,(fs
value: @=(1/10)ny+2n,+ -+ + 1277+ 128053 +1),...5,(2M—1)}, which represents the noise back-



3582 MARISCIEL LITONG AND CAESAR SALOMA 57

Ag = 0.192B

ol \White Noise

Rpeak
0
Q
o
1

* Gaussian Noise 1000

FIG. 5. Rpeak VS A, plot obtained whers(t) = Ag cos(2r16t) is
dithered with uniform white noisgcross and Gaussian noise
(square, where r(t)=2.5cos(2r512), B=0.0153398,T=1,
2M=1024, and\ = 256.

ately go to zero beyond o. This property is the reason why
the onset of the nonlinearity of the vs o plot occurs at a
lower o value with GN dithering.

The peak valuR,.,cthat is obtained atr= o, is roughly
3.7 times stronger than what is produced by GN dithering at
o=0y4. This indicates that UWN dithering is more effective
in determining the periodicity o$(t).

At A;~0.3B or |B—A~0.0104, an increase in the
Rpeak Value is obtained for both noise typgsee Fig. 4b)].
The peak values occur at;=0.010 ando,,=0.019, respec-

FIG. 4. R vs o plots obtained whers(t) =As cos(2r16) is tively. The Rpes0btained with UWN dithering is 2.9 times
dithered with Gaussian noisgircles and uniform white noise stronger than the one produced using GN dithering.
(squarey respectively:(a) A;=0.19B, (b) A;=0.32B, and (c) Figure 4c) (As=0.014 726-0.96B, |B—As|’“0-006 il-
As=0.98, wherer(t)=2.5 cos(zr512), whereB=0.0153398, |ystrates that th&R plot broadens with increasing. The
T=1, 2M=1024, andN=256. RpeakValues are found at,,=0.031 andoy=0.015, respec-

tively. The difference in their peak values decreases with
ground inS,(f ). A least-squares error curve-fitting proce- increasingAs value. AtA;~0.96B, the onset of the nonlin-
dure [15] is used to determine the third-order polynomial ear behavior of th® vs o plots occurs almost immediately
curve SX(f ) that fits best the noise backgroufg’(f )}.  ato=0.001.

The N, (fs) value is given byN,(f)) =Si(f=fy). The R plots obtained using UWN ditherind-igs. 4a)—
The R vs o p|ots in F|g 4a) Correspond to the 4(C)] also exhibit another weaker hump aroune0.053.
case of A,=0.19B, where B=0.0153398, r(t) This behavior reflects the multithreshold behavior of SC
=2.5cos(&512), T=1, f.=16=0.03125,, N=2% sampling. The separation between two successive threshold

=256, and M=1024. Note that|B—AJ~0.0124. For levels centered atr(p) is given by [dr(p))
both types of noise, thR, does not decrease monotonically = (7f,/N)|A sin(@p;/N)|. The level separations are nonuni-
with o form and are decreasing with increasing).

With GN dithering, the onset of the nonlinear behavior of ~ Figure 5 shows the dependence of Bz, value onAs.
the R vs o plot occurs ato~0.005. With UWN dithering, ~Within the range 0.B<A;<0.9B, a single-valued depen-
the onset happens at a stronger noise strengih=00.013.  dence exists betweeR,., and As which indicates that our
Once the onset is achieved, tReincreases rapidly until the dithering technique is capable of discriminating @nevalue
peakR value is achieved. ThR vs o plot peaks ar=¢,,  from another. Assuming a power-law dependence, the best-
~0.017, with UWN dithering, while with GN it peaks at  fit curve corresponding to the data points obtained using
=04~0.014<0,,, with GN dithering. The corresponding UWN dithering is given bpreqk=2255-6‘A§'040: where
{S,(f )}'s of the R values produced atr=o,, and o= oy 0.1B=<A,=<0.9B. For the data points that were obtained us-
are the ones shown in Figs(@ and 3b), respectively. ing GN dithering the best-fit curve Ryeu=2133.0A% %,

The twoR vs o plots in Fig. 4a) have different charac- The Rpeax does not continue to increase withy beyond
teristics because UWN and GN are described by differenA;=0.9B. For A;,=0.9B, the values have decreased to
probability distribution functiong11]. For UWN, the pos- Rpeae= 768 for UWN dithering, andR,e,=569 for GN dith-
sible amplitude values lie with equal probability within the ering. The correspondin® vs o plots for A,;=0.9B are
range— o<n,(t) <+ o (box-type distribution On the other shown in Fig. 4c).
hand, amplitude values which are greater thanare still Low R values are associated wifl$,(f )}'s that exhibit
possible for a GN sequence of a givenvalue because a many other prominent spectral lines aside from the orfe at
Gaussian probability distribution function does not immedi-=f = 16. The correcf value is therefore difficult to recog-
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FIG. 6. Uniform white-noise dithering  of s(t)
=0.002 91 cos(@f4): (@ S,(f ) corresponding tof ;=450 ato FIG. 7. Gaussian-noise dithering sft) =0.002 91 cos(2f4):
=0.018, (b) R plots for fs=8, 80, 384, 450; andc) Ry Vs fs (@ Sy(f ) for f;=450 ando=0.011,(b) R plots forf =8, 80, 384,
plots, wherer (t) = 2.5 cos(2512), whereB=0.0153398T=1,  450; and(c) Rpea Vs fs plot. Parameters:(t) =2.5 cos(512),
2M =1024, and\=256. B=0.0153398,T=1, 2M=1024, and\ =256.

nize from such kinds of spectra. ) )
lines are already present in the correspondigg(f )} and

C. Frequency of subthreshold oscillation the correctfg value can no longer be determined with cer-

. i tainty.
We examine how thé&p..« changes as a function df We also investigated the performance of the dithering
when the oscillation amplitudds is held constant. technique when GN is used. Figure(@y presents the

In Fig. 6@ is the {S,(f )} plot obtained whens(t)  rg (f )1 that is obtained whes(t) = 0.19B cos(2r45Q) is
=0.19B cos(2rf)=0.0029 cos(zfd) is dithered with  Gihared with GN  at 0=0.011, where r(t)

UWN at 0=0.018, wherer (t)=2.5 cos(2r512), T=1, N —25cos(2512), T=1, f,=16=0.03125,, N=28

=256, B=0.015 339 8, and &1 =1024. f;=450~0.88,, _ _ _ i
2M—1024, N= 256, andB=0.015 339 8. The power spec- _ 220 B=0-0153398, and @=1024. The power spec

: X b trum has only one prominent line, and it is foundfat f
trum features only one prominent line which is foundfat — 450

= f4=450.

Shown in Fig. §b) are theR vs o plots for differentf i ) e
values(UWN dithering. Note that theR value always peaks Values(GN dithering. The SNR, plots peak within the nar-
within the narrow range 0.0%60,,<0.018, regardless of the "W range 0.00&0,<0.014, independent of thé; value
f< value. This behavior indicates that the mechanism behin#/hich indicates that the nonlinear behaviorRiwith o is
the nonlinear behavior oR with o is not in the strictest Ot in the strictest sense, stochastic resonance.
sense stochastic resonari&g Figure 7c) illustrates the dependence &, with fg

Figure 60) illustrates the dependence Bfeqwith fg.  when GN dithering is used. Within the range=384
Within the rangef <400~0.78f, , theRea( f5) values have ~0.75, the Ryea(fs) values have a standard deviation of
a standard deviation that is about 8.67% of the mean valu@bout 9.7% of their mean value. The ideal frequency re-
Relative to the mearRp.,(fs) value within the rangef;  sponse corresponds to zero standard deviation. Relative to
=<0.78f,, the —3 dB value of thef response is slightly less the meanR,¢,(fs) value within the rangd <0.75,, the
than f=450=0.8%,. An ideal frequency response corre- —3 dB value of thefg response is nedr,=450=0.89, .
sponds to zero standard deviation. The associate®,(f ) corresponding td ;=450 still has

The {S,(f )} corresponding td =450 still has only one only one prominent line af;=450. At f;=500, however,
prominent line af ;= 450. Atf,=500, however, other strong strong lines other than &t~ f5 are already present i&,(f )

Shown in Fig. Tb) are theR vs ¢ plots for differentf
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s(t)=0.1B cos(2r16t) is dithered with(a) Uniform white noise,
and (b) Gaussian noise, whengt)=2.5 cos(512), A=2.5,T
=2MA=1, f,=1/2A=512,N= 256, andB=0.015 339 8.
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FIG. 9. dc threshold sampling. Power spectrum obtained when
s(t)=0.002 91 cos(2f4) is dithered with Gaussian noiséa) f
=8 (0=0.001), (b) fs=100 (0=0.001), and(c) fs=450 (o
=0.001). Only one dc crossing can possibly occur within each

and the correcf value can no longer be determined with (+B=+0.015339 8T=1024\, A=zp).

certainty.

The SNR,(f ) plots presented in Figs. 6 and 7 show that

better performance is obtained whsft) is dithered with
UWN.

D. Sampling period T
We also examine how the length &=2MA affects the

performance of the dithering technique. This issue is relevant

in the observation of subthreshold oscillations which are’ ,
| tions are possible between any of the two dc thresholds and

S(t)=0.19B cos(2r16t)~0.0029 cos(z16t).

short lived and the possiblevalues are limited by the signal
lifetime. In the numerical experiments, the SC sampling i
always done at a constant sampling rate of,21/A
=1024.

Figure 8a) shows theR plots obtained for M =512,
1024, 2048, and 4096. The oscillations(t)
=0.19B cos(2r16t) is dithered with UWN wherer(t)
=2.5cos(2512), T=1, N=256, B=0.0153398, and
2M=1024. TheR plots always peak near=o,~0.017,
and their peak values increase linearly withaccording to
(best-fit curvg Ryeq=0.626M +67.5.

Figure 8b) showsR plots in the case whes(t) is dith-
ered with GN. The plots all peak near=oy~0.011. The
Rpeakvalue also increases linearly with according tabest-
fit curve) Rpea=0.19M +20.56.

The results presented in FiggaBand 8b) indicate that a

€

E. Dithering in dc threshold sampling

We compare our previous results with the case where
0.19B cos(2rl6t) +n,(t) is sampled with respect to two
symmetrical dc thresholds a{t)= +B= +=0.015 339 §9].

At most, only one dc crossing® can occur within each
5 and a maximum of ®1 dc crossings can be observed
within a givenT. In the absence of dithering, no intersec-

First, we determine the dc crossing locations of
[0.0029 cos(Z16t) +n,(t)] with r(t)=*+0.0153398. A
train of pulsesp(t) is derived from the locations of the
dc crossings, according to the following rulg(t)=0
when ]0.0029 cos(216t) +n,(t)|<B; p(t)=1 when
[0.0029 cos(z16t) +n,(t)]>0.015339 8; andp(t)=-1
when [0.0029 cos(z16t) +n,(t)]<—0.0153398. The
power spectrumS,(f )} is then computed by Fourier trans-
forming the autocorrelation qgf(t).

Presented in Figs.(8—9(c) are the computedS,(f )}'s
corresponding tof¢,=8, 100, and 450, respectivelyT
=1024A, A= 135, andB=0.015 339 8 The undetectable
oscillation s(t) =0.0029 cos(Z16t) is dithered with GN at
o’'s that yield the maximunSNR; value of theS(f=f)

long-lived oscillation is easier to detect than a short-livedline. Each{S,(f )} represents an average over ten raw
one. Longer sampling periods also permit spectral analysis gtower spectra.

a higher frequency resolution becausé=1/T=1/2MA.

To determine the dc crossing within a givan the dith-

Note, however, that the computational complexity ofered signal[0.0029 cos(Z16t)+n,(t)] is compared 256

y(kKT/2M) is (2M)?, and therefore the calculation of
{S(f )} for long t; sequences also takes much longer.

times (A is subdivided into 256 partitionsvith the value of
r(t) for a possible intersection.
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FIG. 10. dc threshold sampling=B=+0.0153398, T

=1024, A= 5%2) R plots obtained whes(t) = A, cos(2716t) is
dithered with Gaussiafcircle) and uniform white noisésquare,
respectively(a) A;=0.19B, (b) A;=0.32B, and(c) A;=0.96B.

Although the stronges$,(f ) component always occurs
at f=fg, it is not the only prominent line iS,(f )}. The

appearance of unwanted lines makes the determination of thg,

correctf value quite difficult.

Presented in Figs. 18-10(c) areR plots for differentAq
values of s(t)=Ag cos(2rl6t), where R=[S,(fy)
—Ny(fs)1/N,(fs), andf,=16. TheN,(fs) value is deter-
mined from the curve fiSS(f ) of the sequencéS(f )}
={blank, S,(1),...S,(fs—1),blank, S,(fs+1),...,S,(2M
—1)}, which represents the noise background 8)(f )}.
Other peaks were also removed fro[rﬁf’,(n)} when their
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FIG. 11. Power spectrum{S,(f )} produced whens(t)
=0.0029 cos(Z16t) is dithered with UWN ato=0.04, where
r(t)=2.5cos(2r512), B=0.0153398,T=1, 2M=1024, andN
=256. The correct frequency a&f{t) is very difficult to ascertain
from {S,(f )}. The plot illustrates that dithering becomes ineffec-
tive wheno values which are greater thar, are used.

the corresponding increase is about 30(e Fig. 3.

The characteristics of thR vs o plots produced with SC
sampling(see Fig. 4 are distinctly different from those ob-
tained using dc threshold samplirigee Fig. 1D because
different criteria are used to define a crossing location, and to
compute the autocorrelation function.

In SC sampling, a crossing satisfies the relatiors(t)
—r(t)=0, wherer(t) is a sinusoid function. The autocorre-
lation y(kT/2M) is calculated from the interpolatédqually
sampled and multivaluegd amplitude representation
{[s(iT/2M)+n(iT/2M)]} of [s(t) + n,(t)]. The procedure
permitsy(kT/2M) to contain information not only about the
fs value ofs(t) but also regarding its amplitud&; .

On the other hand, any dc crossinﬁ’@satisfies the relation
s(t)=B=0. The autocorrelationyy(kT/2M) is computed
directly from the pulse sequence that is generated from the
dc crossings o(t) +n,(t) with respect tar(t)= *=B. The
guence can only have three possible values: 1, O;-dnd

V. DISCUSSION
A. Quality of power spectrum

Our numerical experiments with(t)=2.5 cos(2r512)
whereB=0.015 339 8 show that the computé8,(f )} of
[Ag cos(27fd)+n,(t)] whereA,< B exhibits only one promi-
nent line which always occurs &tf, if the o value used

magnitudes are within two orders of magnitude less thar@:orresponds to where t@pk}t is maximum. The frequency

S,(f=fs). The best-fit lineS;(f ) is obtained using the
least-squares error method and thg(f,) value is given by
No(fs):S{(:r(f:fs)-

The R plot exhibits a nonlinear dependence wiih At
As=0.198B~0.0029, UWN dithering produces aRcax
value of 145.80 ab=0,,~0.004. AtA;=0.32B, the peak
value is 177.20 and is found ai=o,~0.005. At Ag
=0.968, it becomes equal to 180.81 and occurswat o,
~0.012.

At A;=0.19B, GN dithering produces aRpe,«value of
173.34 ato=0y~=0.001. At A;=0.32B, Ryea=203.0337
and it occurs ato=0y=0.002. At A;=0.98, Rpea
=172.39 and it occurs at=o4~0.008. For both types of
noise, theR vs o profile broadens with increasing value.

of the subthreshold oscillatios(t) can therefore be estab-
lished correctly and easily frofiS;(f )} when dithering is
done at a noise variance that yields the p&akalue. This
behavior was found to be always true flar<450~0.88&f, .

However, when stronger noise variances<o,,) are uti-
lized to dithers(t), the resulting{S,(f )}'s contain several
prominent spectral lines dt values other than the one &t
=fs. The correcf ; value is very difficult to determine from
such kinds of spectra.

Shown in Fig. 11 is the spectruf$,(f )} that is obtained
when s(t) =0.0029 cos(Z16t) is dithered with UWN ato
=0.040. The frequency dé(t) cannot be determined from
the{S,(f )} becausel) it exhibits many other distinct lines
other than the one found at the trdig value, and(2) the

Our numerical results with dc thresholding indicate thatcorrespondingR of the S,(f=16) line is low atR~5.

dependence ORc, 0N Ag does not have a wide dynamic
range. With UWN dithering, the increase in tRgqy from
A;=0.3B to 0.9@ is only about 2%. With SC sampling,

Note in Fig. 4a) that theR achieves a maximum value of
about 345, ato,~0.017. The appearance of the spurious
spectral lines is due to false triggerings which become more
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FIG. 12. Dithering and the presence of ambient noig; o)
wherer(t)=2.5 cos(z512), B=0.0153398,T=1, 2M =1024,
andN=256.(a) R vs o plots when 0.0029 cosf2L6t) + ny(t;oy,) is
dithered with UWN,(b) {S,(f )} obtained atr=0.005. Three dif-
ferent variances ofy(t;0,) are consideredo,=0.003, 0.01, and
0.025.
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FIG. 13. Detection of subthreshold oscillatiors(t)
=A, cos(2r16t) by the addition ofs’(t)=1.0 cos(2r52), where
A<B=0.0153398, r(t)=2.5cos(z512), T=2MA=1, f,
=1/2A =512, N=256: (a) R vs A plot, (b) power spectrum of
S,(t)=0.19B cos(2r16t) + 1.0 cos(z52), and (c) power spec-
We now consider the case when ambient white noisetr,urtn tohf SZ(t)l_o'lfz‘?a Cgsf(?llg”rl'o COS(Z;SZ)' W'.thg:t
ny(t; op) is also present at the input of the SC detector. This’ (1), the R value of theS(f=16) component is zero sinck
implies that prior to dithering, the signal that is at the detec-
tor input is 0.0029 cos@16t) +ny(t; o). When the ambi-
ent noise is significant, preamplification is often ineffective dicate that the dithering technique remains effective even in
in making s(t)=0.0029 cos(216t), detectable by the SC the presence of strong ambient noise.
detector.

Figure 12a) presents theR vs o plots obtained when
0.0029 cos(zZ16t) + ny(t;op,) is dithered with UWN. Three
g'_f(f)ifegrt] dStééggéhsNggb(th;b)evaéﬁ ;Eo:n%%%rg di'iTibs_gl'rg(z)jj’y sociated with a real SC detector is minimized for large am-

possible for ambient noise to have amplitude values whicfﬁ)“tucjfe values  of the_ input s_lgnal_ l:_)ecaus_E(pi)
are already comparable &ft). =B|sin(mp; /N)|, wherep; is the location within the interval
The R plots still exhibit the nonlinear behavior wite ~ Ai» Whenx(t)=r(t). o
especially for plots corresponding i®,=0.003 and 0.01. We now examine whether a subthreshold oscillation
Notice, however, thaR .., decreases with increasing ambi- S(t) =As cos(2rfd), whereA;<B, can be rendered detect-
ent noise. The peak location is also shifted to lowerlues able to the SC detector if it is added to a detectable oscilla-
of the UWN dither with increasing strength of the ambienttion s’ (t) =Ag cos(2rft), whereA>B.
noise. In the absence of ambient noise, the peak oSH& Figure 13a) illustrates how theR value of S(f=fg
curve occurs av=o,~0.017 [see Fig. 48)]. The R plot ~=16) in the power spectrum obtained fronsy(t)
also broadens with increasing ambient noise strength. changes with the A, value where sy(t)=-s(t)
The{S,(f )}'s corresponding to the peak values of Re  +S'(t) =A; cos(2rl6t) +1.0 cos(z52t),  where r(t)
plots presented in Fig. 18 exhibit only one prominent line =2.5cos(a512), T=2MA=1, f,=1/2A=512, N=256,
atf=16. Shown in Fig. 1®) is the{S,(f )} that is obtained and B=0.015339 8. The power spectrum is given by the
when 0.0029 cos@@16t) + ny(t; 0,=0.025) is dithered with  Fourier transform of the autocorrelation{af} which are the
UWN at 0=0.005. The results in Figs. (& and 12Zb) in-  solutions tos,(t) =r(t).

likely in each sampling interval with increasing strength of
the dither noise.

B. Dithering in the presence of ambient noise

C. Addition of an above-threshold oscillation

In Sec. Il we have seen that the quantization eEaas-
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FIG. 15. Application of UWN dithering to sy(t)
=0.128 cos(2r16t) + 1.0 cos(2r52t), where B=0.015 339 8,
r(ty=2.5cos(2512), T=2MA=1, f,=1/2A=512, and N
=256: (a) {S,(f )} produced ar=0.0010, andb) {S,(f )} pro-
duced atr=0.021.
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FIG. 14. Application of UWN dithering to sy(t) peak, solid circle
=A, cos(2r16t) +1.0 cos(252), whenA;<0.24B: () R vs A Figure 14b) presents theR plot of the f=16 spectral
plots, (b) R plot from [sy(t) +n,(t)] whereA=0.128. Param- 5 mnonent forA,=0.123. TheR plot exhibits a nonlinear
?tirilgje_dflzo'oa‘:’ 339 8r(1)=2.5cos(2512), T=2MA=1,  gependence witlw. It has two maximum values—one at

r =512, andN=256. =0.001 and another near~0.021. It can be seen that the
addition of noise t®,(t) initially decreases thR value until
o~0.006, after which an increase is obtained that peaks at
aroundo~0.021.

Figures 1%a) and 13b) compare thgS,(f )}'s that are
obtained whers,(t) is dithered with UWN a=0.001, and
0=0.021, respectively. It can be seen that dithering could
not make the value of thé=16 line more significant than
the other spurious spectral components{#.(f )}. Note

. - - ; further that dithering atr=0.021 produces affS,(f )} with
Shown in Fig. 1&) is the correspondingS(f )} obtained weaker spurious components than the one obtained at

for A;=0.123. It can be observed that tI&f=16) line is — 0001

already comparable in strength to the other spurious spectral . . . .
y P 9 P b Recall that the dithering technique when implemented

lines caused by quantization errors. Adding a strong oscilla- . ; . D
tion s’ (t) is no longer effective in detecting the frequency of without the introduction of the strong oscillation is capable

the subthreshold oscillatios(t) for A;<0.125B. of determining unambiguously the correct frequencys(d)
The (first) intersection betweer (t)=2.5 cos(2512) even forAg values that are as low as 811t also produces

and s’ (t)=1.0 cos(252t), occurs atp,=95, whenT=1, larger Ryeqx Values(see Sec. IV C and Fig.)5

2M =1024, and\N=256. Thus the smallest quantization er- _ o

ror is Emi”=B|Sin(7Tpi IN)|~B|sin(795/N)|~0.738=0.012. D. Frequency- and amplitude-response characteristics

By determining thef s value from the power spectrum of the  Figures @c) and 7c) present the -response characteris-

autocorrelation oft{'}, the frequencies of oscillations with tics of our detection technique. For both UWN and GN, the

amplitudes that are as low as OBL§an still be determined standard deviation of thR,..(fs) values is less than 10%

without ambiguity. We now examine if dithering the com- within the rangef,<384~0.75f,. The f range where the

posite signab,(t) =s(t) + 1.0 cos(2r52t) is effective in de-  dithering technique is effective can be expressed in terms of

termining the frequency df(t) = As cos(2rl6t), in the case f, so that the frequenci of any rapid subthreshold oscilla-

whenA<0.128. tion can be determined unambiguously by using a faster ref-
Figure 14a) presents th&R,q. VS A plots obtained from  erence frequency, > f/0.75.

s,(t) when it is dithered with UWN. The results indicate that ~ Within the range 0.B<A,<0.9B our detection technique

dithering decreaseSNR decrease of th&(f=16) compo- also produces a power-law relation between g, value

nent of {S,(f )}. For A;=0.08, the R vs o plots feature with the amplitudeAg of s(t). The plots in Fig. 5 can be

The addition ofs’(t) to s(t) improves theR value of
S(f=16) for all Ag values<B. Without s’(t), R is zero
becauséd<B. Presented in Fig. 1B) is the corresponding
power spectrum obtained foA;=0.28, which clearly
shows a distinct line at=16 (arrow). The component is the
next strongest after the one fat 52. TheS(f ) components
at frequencies other thai=16 and 52 are not zero due to
quantization errors.
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used as calibration curves to determine the unkndwn that yields the maximurR for the f = f 4 spectral component.

value from the measureq, value. Aside from determining the correct frequency of the sub-
threshold oscillation, our technique also gives a good ap-
VI. CONCLUSION proximation regarding the oscillation amplitude. However, it

is incapable of determining the phase of the subthreshold

__This paper demonstrates a new dithering technique f0fqjjiation because the power spectrum does not contain any
improving the detection limit of a real SC detector. The teCh'information about it. We considered only uniform white-

nique is gvaluated using benchmarks e_mployed to ir“’eStig"’“i‘?oise and Gaussian noise in the dithering experiments be-
the nonlinear phenomenon of stochastic resonance. cause they are among the simplest to gendtetk A recent

The periodicity of the subthreshold oscillatis(t) is ren- — yoqqrt however, shows the stochastic resonance also occurs
dered easier to detect by a cooperative effect in which &, -h5atic system§16].

matching between the characteristic time scals(of which Present work is confined to subthreshold oscillations. Ex-
is a coherent signal, and that of the stochastic nbisth & ariments are on-going to extend the technique to weak mul-
broadband power spectrurts induced with the result that (irequency signals. A comprehensive theoretical treatment
the presence of the periodic component is greatly enhanceghich can explain our results more quantitatively is also be-
SC sampling is a nonlinear process because the locations, 4 the scope of the present study. The results that we have
{ti} where an input analog signa(t) intersects a reference ained indicate the theory that has been previously devel-

sinusoidr(t), does not obey the linearity property. This gheq o describe dithering in dc threshold sampligg is
means that the solutions f&(t) +x'(t)]=r(t) are not given jnsufficient.

by {t;+1t/} where{t;} and{t;} are solutions to(t)=r(t),

and x'(t)=r(t), respectively. It is easy to see that the

sampled representation produced by amplitude sampling at ACKNOWLEDGMENTS
equal intervals ot obeys the linearity property.
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